We construct, in every Banach space which fails the Radon-Nikodym property, a nonlinear operator A which is m-accretive for some equivalent norm in X, such that the domain of A is not a singleton and such that the only strong solutions of the equation u + Au 3 f are the constant ones.
Introduction
Let X be a Banach space. An operator A in X is a map from X into the y power set 2 of X. Let us denote D(A) = {x£X:Ax¿0} the domain of A , and R(A) = {y £ X : 3x £ X such that y £ Ax} the range of A. We shall freely identify A with the subset of X x X of all couples (x, y) such that x £ D(A) and y £ Ax. The operator A is called accretive if for every (x, y) (x , y) in A and for every k _ 0 : H* -x + k(y -y')\\ > \\x -y\\.
The operator A is said to be w-accretive if, moreover, for every k > 0 R(I + kA) = X, where I stands for the identity operator in X. It is well known that A is w-accretive if and only if R(I + kA) = X for some k > 0.
The operator A is said to be trivial if there exists a £ X such that A = {a}xX. Now let us consider the equation:
(1) u' + AuBf, where A is w-accretive and / £ L (0, T;X). We shall say that « is a strong solution of (1) if u is absolutely continuous and differentiable almost everywhere on [0, T] and if u + Au(t) 5 f(t) for almost every t £ [0, T].
Observe that if (x, y) £ A and f(t) =y for almost every t £ [0, T] then the function u which is constant equal to x is a strong solution of (1) on [0, T] ; in this case u is called a constant solution of ( 1 ) on [0, T]. We shall see below that in some cases the only strong solutions of ( 1 ) The classical Radon-Nikodym theorem expresses the fact that R has the RadonNikodym property. This property has been extensively studied in recent years (see e.g. [6] or [10] ). Let us mention that every reflexive Banach space has the Radon-Nikodym property. On the other hand, Ll(RN) and BUC(RN) (the space of bounded uniformly continuous functions on R^) fail the RadonNikodym property. Let us assume that A is an m-accretive operator in a Banach space X. Then it is known that, if w0 belongs to D(A), f is in BV(0, T; X) and X has the Radon-Nikodym property, the equation ( 1 ) has a unique strong solution on [0, T] satisfying u(0) = u0 (see [2] or [4] ). It is also known that this result is no longer true in some concrete examples where X fails the Radon-Nikodym property. For instance, let us consider the Hamilton-Jacobi equation in R :
Under a suitable hypothesis on TT we associate to this equation an m-accretive operator A in BUC(R ). However, even if the initial data u0 is smooth (uQ £ D(A)) and f = 0, there is no strong solution of (HJ) on [0, T] for every T > 0. A similar remark holds for the nonlinear conservation laws in R to which one can associate an m-accretive operator in t'(R ) (see e.g. [2,
4, 8]).
In this note, we prove that in every Banach space which fails the RadonNikodym property, there exists a nontrivial operator A in X, which is maccretive for some equivalent norm in X, such that the only strong solutions of ( 1 ) on [0, T] are the constant ones. In particular, if / is not constant almost everywhere, or if / is constant equal to y t£ R(A) then equation (1) has no strong solution. The construction of the operator A relies on the existence, for every Banach space Y which fails the Radon-Nikodym property, of a Lipschitz function cf) from R into Y such that the set of all points of differentiability of 4> is negligible. This last result will be proved in the appendix.
We also give various consequences of the existence of such an operator A , some of them having been already announced in [9] . Conversely, let X be a Banach space which fails the Radon-Nikodym property. We shall construct an equivalent norm || || on X and a nontrivial m-accretive operator A in (X, || ||) such that for every T > 0 and every / £ Ll(0, T; X), the only strong solutions of u + Au 3 f are the constant ones.
Step 1 . Construction of A. Let j -| be the original norm on X, x0 £ X and f £ X* such that f(x0) = \\x0\\ = ||/|| = 1. Since Y = Ker/ is a hyperplane of X and x0 ^ Y, for every z £ X, there exists a £ R and y £ Y such that z = ax0 + y, and we then define ||z|| = max(|a|, \y\). Clearly || || is an equivalent norm on X. By Corollary 3.3, there exists a Lipschitz function <p from R into Y such that the set of all points of differentiability of <p is negligible. Without loss of generality, we can assume 0(0) = 0 and <j) is 1-Lipschitz. Finally, define A = {(tx0 + <t>(t),y):t£R, y £ Y}.
Step 2. A is m-accretive in (X, || ||). Let (x, y), (x , y') £ A and k > 0. From the definition of A, there exists t, t' £ R such that x = tx0 + <p(t), x = t'x0 + (p(t'), and y ,y £ Y . Thus \\x-x\\ = \\(t-t')x0 + <Kt)-<l>(t')\\
therefore, A is accretive. On the other hand, since, for k > 0 :
I + kA = {(tx0 + <f)(t), tx0 + <p(t) + ky) :t£R, y £ Y} = {(tx0 + (p(t),tx0 + y):t£R, y £ Y} we have that, if z = tx0+y with t £ R and y £ Y, then z £ (I+kA)(txQ+<p(t)) ; thus R(I + kA) = X and A is m-accretive.
Step 3. The only strong solutions of ( 1 ) are the constant solutions. Let u : [0, T] -> X be a strong solution of ( 1 ) is not negligible and we claim that w is not differentiable at any point of A which contradicts the fact that w is differentiable almost everywhere. To prove our claim, let t £ A. Since for every e > 0, {v(t + h) : \h\ < e} is a neighborhood of v(t) (use the continuity of v and the fact that v'(t) ^ 0), we have that
This makes sense if \h\ is small enough (since then v(t + h) -v(t) / 0) and observing that \imh^0(v(t + h) -v(t))/h exists and is nonzero, we get that \imh^0(w(t + h) -w(t))/h does not exist, which proves our claim. B = {(tx0 + (P(t),-x0 + y):t£R, y £ Y} then B is also m-accretive in (X, \\ ||) and the only strong solutions of u + Bu 3 f are the constant solutions. And since 0 ^ R(B) the equation u'+Bu 3 0 has no strong solution: this result was obtained in [9] . Let us notice that since the equation u + Bu 3 0 always has at least one strong solution whenever X has the Radon-Nikodym property and B is m-accretive, we have obtained a new characterization of the Radon-Nikodym property. 3. Note that the Radon-Nikodym property is an isomorphic property i.e. does not depend on the equivalent norm on X. This justifies the fact that we have chosen an equivalent norm on X in the statement of Theorem 2.1. In the linear case, the operators which are m-accretive for some equivalent norm are precisely the generators of uniformly bounded semigroups. The class of nonlinear operators which are m-accretive for some equivalent norm does not seem to be well known. It is known that (2) has a unique mild solution u £ W{Q, T; X) for every uQ £ D(A) and every f £ L (0, T; X). This shows existence and uniqueness of a solution of certain concrete partial differential equations (for instance, for the Hamilton-Jacobi equations which can be solved in X = BUC(Rn) or for the nonlinear conservation law equations which can be solved in X = Ll(RN)). In a Banach space that has the Radon-Nikodym property, u is a mild solution of (2) on [0, T] if and only if u is a weak solution of (2) on [0, T]. In a general Banach space, if u is a weak solution of (2) on [0, T], then u is a mild solution of (2) on [0, T]. We refer the reader to [4] for these results. Remark 4, together with the above discussion, shows that in every Banach space which fails the Radon-Nikodym property, there exists an operator A which is m-accretive for some equivalent norm in X, and a mild solution of (2) 
Appendix
In this section, we construct, for every Banach space X that fails the RadonNikodym property, a Lipschitz mapping <f> :R -> X which is almost nowhere differentiable. The following result is shown in 
